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Abstract
LetG be a ﬁnite and simple graph with the vertex set V (G), and let f : V (G) → {−1, 1} be a two-
valued function. If
∑
x∈N [v]f (x)1 for each v ∈ V (G), where N [v] is the closed neighborhood of
v, then f is a signed dominating function on G. A set {f1, f2, . . . , fd } of signed dominating functions
on G with the property that
∑d
i=1fi(x)1 for each x ∈ V (G), is called a signed dominating family
(of functions) on G. The maximum number of functions in a signed dominating family on G is the
signed domatic number on G, denoted by dS(G).
The properties of the signed domatic number dS(G) are studied in this paper. In particular, we
determine the signed domatic number of complete graphs, cycles, fans, and wheels.
© 2005 Elsevier B.V. All rights reserved.
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1. Terminology and introduction
Various numerical invariants of graphs concerning domination were introduced bymeans
of dominating functions and their variants. In this paperwedeﬁne the signeddomatic number
in an analogous way as Rall [9] has introduced the fractional domatic number.
We consider ﬁnite, undirected and simple graphsGwith the vertex setV (G). If v ∈ V (G),
then N(v) is the open neighborhood of v, i.e., the set of all vertices adjacent with v. The
closed neighborhoodN [v] of a vertex v consists of the vertex setN(v)∪{v}. The complete
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graph and the cycle of order n are denoted by Kn and Cn, respectively. A fan and a wheel
is a graph obtained from a path and a cycle by adding a new vertex and edges joining it to
all the vertices of the path and cycle, respectively. If A ⊆ V (G) and f is a mapping from
V (G) into some set of numbers, then f (A)=∑x∈Af (x).
The fundamental concept concerning domination, namely the domination number of a
graph, was originally deﬁned by means of a dominating set. This deﬁnition may be trans-
ferred into an equivalent deﬁnition done by means of a dominating function (the character-
istic function of a dominating set). A mapping f : V (G) → {0, 1} is called a domination
function on G, if f (N [v])1 for each v ∈ V (G). It is easy to see that such a function is a
characteristic function of a dominating set in G. The sum f (V (G)) is the weight w(f ) of
f. The minimum of weights w(f ), taken over all dominating functions on G, is called the
domination number (G) of G. It is again easy to verify that this is the minimum number
of vertices of a dominating set in G.
The variations of the domination number may be obtained by replacing the set {0, 1} by
another set of numbers. If the closed interval [0, 1] on the real line is taken instead of {0, 1},
then the fractional domination number is deﬁned; by exchanging {0, 1} for {−1, 1}, we
obtain the signed domination number. A concept dual in a certain sense to the domination
number is the domatic number, introduced by Cockayne and Hedetniemi [1].
They have deﬁned the domatic number d(G) of a graphG bymeans of sets.A partition of
V (G), all of whose classes are dominating sets in G, is called a domatic partition of G. The
maximum number of classes of a domatic partition of G is the domatic number d(G) of G.
But Rall has deﬁned a variant of the domatic number of G, namely the fractional domatic
number of G, using functions on V (G). (This was mentioned by Slater and Trees in [10].)
Analogous to the fractional domatic number we may deﬁne the signed domatic number.
The signed dominating function is deﬁned in [2] as a two-valued function f : V (G) →
{−1, 1} such that ∑x∈N [v]f (x)1 for each v ∈ V (G). The sum f (V (G)) is called the
weightw(f )of f. Theminimumofweightsw(f ), taken over all signed dominating functions
f onG, is called the signed domination number ofG, denoted by S(G). Signed domination
has been studied in [2–4,7,8,11]. Further information on this parameter can be found in the
monographs [5,6].
A set {f1, f2, . . . , fd} of signed dominating functions on G with the property that∑d
i=1fi(x)1 for each x ∈ V (G), is called a signed dominating family on G. The maxi-
mum number of functions in a signed dominating family onG is the signed domatic number
of G, denoted by dS(G).
First, we study basic properties of dS(G). Some of them are analogous to those of the
domatic number d(G) in [1]. Secondly, we determine the signed domatic number of com-
plete graphs, cycles, fans, and wheels.
2. Basic properties of the signed domatic number
Proposition 2.1. The signed domatic number dS(G) is well-deﬁned for each graph G.
Proof. The function f0 : V (G) → {−1, 1} with f0(v)= 1 for each v ∈ V (G) is a signed
dominating function on G. Thus, the family {f0} is a signed dominating family on G.
L. Volkmann, B. Zelinka / Discrete Applied Mathematics 150 (2005) 261–267 263
Therefore, the set of signed dominating functions on G is non-empty and there exists the
maximum of their cardinalities, which is the signed domatic number of G. 
Proposition 2.2. Let G be a graph of order n(G) with signed domination number S(G)
and signed domatic number dS(G). Then
S(G) · dS(G)n(G).
Proof. If {f1, f2, . . . , fd} is a signed dominating family on G such that d = dS(G), then
the deﬁnitions imply
d · S(G)=
d∑
i=1
S(G)
d∑
i=1
∑
x∈V (G)
fi(x)
=
∑
x∈V (G)
d∑
i=1
fi(x)
∑
x∈V (G)
1= n(G). 
Proposition 2.3. If G is a graph with minimum degree (G), then
1dS(G)(G)+ 1.
Proof. Let againd=dS(G) and let {f1, f2, . . . , fd}be the corresponding signed dominating
family of G. If v ∈ V (G) is a vertex of minimum degree (G), then it follows that
d =
d∑
i=1
1
d∑
i=1
∑
x∈N [v]
fi(x)=
∑
x∈N [v]
d∑
i=1
fi(x)
∑
x∈N [v]
1= (G)+ 1. 
Proposition 2.4. The signed domatic number is an odd integer.
Proof. LetG be an arbitrary graph, and suppose that d=dS(G) is even. Let {f1, f2, . . . , fd}
be the corresponding signed dominating family ofG. If x ∈ V (G) is an arbitrary vertex, then
we have
∑d
i=1fi(x)1. But on the left-hand side of this inequality, a sumof an even number
of odd summands occurs. Therefore it is an even number, and we obtain
∑d
i=1fi(x)0 for
every x ∈ V (G). If v ∈ V (G), then we arrive at the contradiction
0
∑
x∈N [v]
d∑
i=1
fi(x)=
d∑
i=1
∑
x∈N [v]
fi(x)
d∑
i=1
1= d. 
The next result is an immediate consequence of Propositions 2.3 and 2.4.
Corollary 2.5. If T is a tree, then dS(T )= 1.
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3. Signed domatic number of complete graphs
For most of numerical invariants of graphs it is very easy to ﬁnd the value of the invariant
for a complete graph. The proof of the next result will show that this is not the case for the
signed domatic number.
Theorem 3.1. If G=Kn is the complete graph of order n, then
dS(G)= n if n is odd, (1)
dS(G)= p if n= 2p and p is odd, (2)
dS(G)= p − 1 if n= 2p and p is even. (3)
Proof. Let {1, 2, . . . , n} be the vertex set of G. Since G is the complete graph, we observe
that N [v] = V (G) for each v ∈ V (G). Therefore, a function f : V (G) → {−1, 1} is a
signed dominating function if and only if w(f )1.
Case 1: Let n = 2p + 1 be odd. Deﬁne the signed dominating functions f1, f2, . . . , fn
by fi(i) = fi(i + 1) = · · · = fi(p + i) = 1 and fi(j) = −1 for the remaining vertices
j ∈ V (G) for i = 1, 2, . . . , n, where all numbers are taken modulo n. It is easy to see
that
∑
x∈V (G)fi(x) = 1 for 1 in and
∑n
i=1fi(x) = 1 for each x ∈ V (G). Hence,{f1, f2, . . . , fn} is a signed dominating family, and we conclude that dS(G)n. In view of
Proposition 2.3, it holds dS(G)(G)+ 1= n, and thus, we obtain (1).
Case 2: Let n= 2p be even. Firstly, we show that d = dS(G)p. Let {h1, h2, . . . , hd}
be a corresponding signed dominating family. Since n = 2p is even, the inequalities∑
x∈V (G)hi(x)1 imply
∑
x∈V (G)hi(x)2 for each 1 id. Hence, it follows from the
condition
∑d
i=1hi(x)1 for each x ∈ V (G) that
2p = n=
∑
x∈V (G)
1
∑
x∈V (G)
d∑
i=1
hi(x)=
d∑
i=1
∑
x∈V (G)
hi(x)
d∑
i=1
2= 2d
and consequently, the desired bound dS(G)p.
Subcase 2.1: Let p = 2q + 1 be odd. Deﬁne the family of signed dominating functions
{f1, f2, . . . , fp} by
f1(1)= f1(2)= f1(3)= · · · = f1(p)= f1(p + 1)= 1,
f2(3)= f2(4)= f2(5)= · · · = f2(p + 2)= f2(p + 3)= 1,
f3(5)= f3(6)= f3(7)= · · · = f3(p + 4)= f3(p + 5)= 1,
...
fp(2p − 1)= fp(2p)= fp(2p + 1)= · · · = fp(3p − 2)= fp(3p − 1)= 1
and fi(j)=−1 for the remaining vertices j ∈ V (G) for i = 1, 2, . . . , p.
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It is a simple matter to obtain
∑
x∈V (G)fi(x) = 2 for 1 ip and
∑p
i=1fi(x) = 1 for
each x ∈ V (G). Hence, {f1, f2, . . . , fp} is a signed dominating family, and we conclude
that dS(G)p. Since we have shown above that dS(G)p, we have proved (2).
Subcase 2.2: Let p = 2q be even. Deﬁne the family of signed dominating functions
{f1, f2, . . . , fp−1} by
f1(1)= f1(2)= · · · = f1(2q)= f1(2q + 1)= 1,
f2(4)= f2(5)= · · · = f2(2q + 3)= f2(2q + 4)= 1,
f3(6)= f3(7)= · · · = f3(2q + 5)= f3(2q + 6)= 1,
f4(8)= f4(9)= · · · = f4(2q + 7)= f4(2q + 8)= 1,
...
fq(2q)= fq(2q + 1)= · · · = fq(4q − 1)= fq(4q)= 1,
fq+1(2q + 3)= fq+1(2q + 4)= · · · = fq+1(4q + 2)= fq+1(4q + 3)= 1,
fq+2(2q + 5)= fq+2(2q + 6)= · · · = fq+2(4q + 4)= fq+2(4q + 5)= 1,
fq+3(2q + 7)= fq+3(2q + 7)= · · · = fq+3(4q + 6)= fq+3(4q + 7)= 1,
...
f2q−1(4q − 1)= f2q−1(4q)= · · · = f2q−1(6q − 2)= f2q−1(6q − 1)= 1
and fi(j)=−1 for the remaining vertices j ∈ V (G) for i = 1, 2, . . . , p− 1. Note that we
have a jump of three in the arguments from f1 to f2 and from fq to fq+1 and a jump of two
in the remaining cases.
It is easy to see that
∑
x∈V (G)fi(x)=2 for 1 ip−1. Furthermore, it is straightforward
to verify that
∑p−1
i=1 fi(2q + 2) = −1 and
∑p−1
i=1 fi(x) = 1 for every x ∈ V (G) with x =
2q + 2. Hence, {f1, f2, . . . , fp−1} is a signed dominating family, and we conclude that
dS(G)p − 1. Since we have shown above that dS(G)p = 2q, and since according to
Proposition 2.4, the number dS(G) is odd, we ﬁnally have proved (3). 
4. Signed domatic number of cycles, fans, and wheels
Theorem 4.1. Let Cn be a cycle of length n3. If n is divisible by 3, then dS(Cn)= 3 and
dS(Cn)= 1 in the remaining cases.
Proof. Let x1, x2, . . . , xn be the vertex set and let xixi+1 be the edge set of the cycle Cn,
where the numbers are taken modulo n. Clearly, Propositions 2.3 and 2.4 imply that either
dS(Cn)= 3 or dS(Cn)= 1.
Suppose that dS(Cn) = 3 and let {f1, f2, f3} be a corresponding signed dominating
family. Because of f1(xi) + f2(xi) + f3(xi)1 for each i ∈ {1, 2, . . . , n}, there exists at
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least one number j ∈ {1, 2, 3} such that fj (xi)=−1. Let, for example, f1(xt )=−1 for any
t ∈ {1, 2, . . . , n}. Then∑x∈N [xt ]f1(x)1 implies f1(xt−1)= f1(xt+1)= 1. Next we will
show that f2(xt )= f3(xt )= 1. If we suppose, without loss of generality, that f2(xt )=−1,
then it follows that f2(xt−1)= f2(xt+1)= 1 and thus f3(xt−1)= f3(xt+1)=−1. However,
this leads to the contradiction
∑
x∈N [xt ]f3(x) − 1.
Let now, without loss of generality, f1(x1)=−1. As we have seen above, it follows that
f1(x2)= f1(xn)= 1 and f2(x1)= f3(x1)= 1. Next we assume, without loss of generality,
that f2(x2)=−1.We deduce that f3(x2)=f2(x3)=1. If we suppose that f1(x3)=−1, then
we arrive at the contradiction
∑
x∈N [x2]f1(x)=−1. Therefore, we have f1(x3)= 1 and so
f3(x3)=−1. This leads to f3(x4)= 1. If we suppose that f2(x4)=−1, then we arrive at
the contradiction
∑
x∈N [x3]f2(x)=−1. Therefore, we have f2(x4)=1 and so f1(x4)=−1.
Inductively, we see that fj (xi)=−1 for j ≡ i (mod 3) and fj (xi)= 1 otherwise. This can
be realized if and only if n is divisible by 3, and the proof is complete. 
Theorem 4.2. Let G be a fan of order n. If n = 3, then dS(G) = 3 and if n = 3, then
dS(G)= 1.
Proof. If n2, then the result is immediate. If n= 3, then G is isomorphic to the complete
graph K3, and Theorem 3.1 implies the desired result.
Let now n4, and let x1, x2, . . . , xn be the vertex set of the fanG such that x1x2 . . . xnx1
is a cycle of length n and xn is adjacent to xi for each i = 2, 3, . . . , n − 2. According to
Propositions 2.3 and 2.4, we observe that either dS(G) = 1 or dS(G) = 3. Suppose to the
contrary that dS(G)= 3, and let {f1, f2, f3} be a corresponding signed dominating family.
Because of f1(xn) + f2(xn) + f3(xn)1, there exists at least one function, say f1, with
f1(xn) = −1. The condition∑x∈N [v]f1(x)1 for each v ∈ V (G), yields f1(x) = 1 for
each x ∈ (V (G) − {xn}). In addition, if ft (xi) = −1 for some i ∈ {1, 2, . . . , n − 3} and
t=2, 3, then it follows that ft (xi+1)=ft (xi+2)=1 and ft (xn)=1. Consequently, it is easy
to see that the function ft has at most (n− 1)/3 vertices x ∈ V (G) such that ft (x)=−1
for each t = 2, 3. Thus, there exist at most 2(n − 1)/3 + 1 vertices x ∈ V (G) such
that fi(x) = −1 for at least one i = 1, 2, 3. If n6, then 2(n − 1)/3 + 1<n yields a
contradiction to f1(x)+ f2(x)+ f3(x)1 for each x ∈ V (G). Since it is a simple matter
to verify that dS(G)= 1 for n= 4 and n= 5, the proof is complete. 
Theorem 4.3. If G is a wheel of order n, then dS(G)= 1.
Proof. Let x1, x2, . . . , xn be the vertex set of the wheel G such that x1x2 . . . xn−1x1 is a
cycle of length n − 1 and xn is adjacent to xi for each i = 1, 2, . . . , n − 1. According to
Propositions 2.3 and 2.4, we observe that either dS(G) = 1 or dS(G) = 3. Suppose to the
contrary that dS(G)= 3, and let {f1, f2, f3} be a corresponding signed dominating family.
Because of f1(xn) + f2(xn) + f3(xn)1, there exists at least one function, say f1, with
f1(xn) = −1. The condition∑x∈N [v]f1(x)1 for each v ∈ V (G), yields f1(x) = 1 for
each x ∈ (V (G) − {xn}). In addition, if ft (xi) = −1 for some i ∈ {1, 2, . . . , n − 1} and
t = 2, 3, then it follows that ft (xi+1)= ft (xi+2)= 1, where the indices are taken modulo
n − 1, and ft (xn) = 1. Consequently, the function ft has at most (n − 1)/3 vertices
x ∈ V (G) such that ft (x)=−1 for each t=2, 3. Thus, there exist at most 2(n−1)/3+1
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vertices x ∈ V (G) such that fi(x) = −1 for at least one i = 1, 2, 3. Since n4, we
observe that 2(n− 1)/3 + 1<n, a contradiction to f1(x)+ f2(x)+ f3(x)1 for each
x ∈ V (G). 
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